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Abstract
We consider pencils at infinity V = 〈F,Zd 〉 in the projective plane P2. There exists a minimal
composition of point blowing ups XV → P2 eliminating the indeterminacies of the rational map
P2 → P1 induced by V . We systematically study the Mordell–Weil group of V , the cone of curves
NE(XV )Q of XV and their relationship. In Theorem 3, we explicitly compute both objects when the
projective curve defined by F is a union of curves with one place at infinity.
We furthermore ask two questions on pencils in P2. Our Question 2 is answered in the affirmative
in a particular case (Theorem 4), which can be viewed as a version at infinity—but for pencils of any
degree—of a classical result on cubic pencils.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
Let k be an algebraically closed field, d  1 an integer and V = 〈F,G〉 ⊆ H 0(OP2k(d))
a pencil of curves in P2k without base curve. We are mainly interested in the case where
V is a pencil “at infinity”: V = 〈F,Zd〉, where Z = 0 is the equation of a straight line L.
Such pencils have arisen in numerous works, which often rely on algebraic and topological
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514 A. Campillo et al. / Journal of Algebra 293 (2005) 513–542techniques (for instance [Ab,AC,ACD,As,K,LW]) since the proof of the Abhyankar–Moh
theorems [AM,AM2,Mo,Sa].
We introduce natural algebro-geometric objects in the theory. On the one hand, we
consider the normalization CV of the (scheme-theoretic) generic curve CV of V , and the
Mordell–Weil group Pic◦(CV ) of the pencil V . On the other hand, there exists a minimal
composition of point blowing ups π : XV → P2k eliminating the indeterminacies of the
rational map P2k · · · → P1k defined by V . The induced morphism f : XV → P1k has generic
fiber CV . We consider the cone of curves NE(XV )Q and the characteristic (or semiample)
cone P˜ (XV )Q of XV .
We consider primitive pencils (i.e., CV is reduced and irreducible). In Section 2, we
prove some basic facts about Mordell–Weil groups, cones of curves and characteristic
cones. Proposition 3 is a generalization of the Kaliman inequality in [K] which is moreover
valid in characteristic p  0. The rank of the Mordell–Weil group Pic◦(CV ) of a primitive
pencil V is shown to be the obstruction to equality in the Kaliman inequality. Similarly,
Proposition 5 in Section 3 is the extension to characteristic p  0 of a result given in [A]
for primitive pencils at infinity.
We now assume that k has characteristic zero. Difficult problems arise when one con-
siders pencils at infinity modulo polynomial automorphisms; given two pencils at infinity
V = 〈F,Zd〉 and V ′ = 〈F ′,Zd ′ 〉, say that V and V ′ are equivalent if there exists a polyno-
mial automorphism σ : P2k\L → P2k\L such that σ(F/Zd) − F ′/Zd
′ ∈ k. A typical ques-
tion on the set V of equivalence classes of pencils modulo polynomial automorphisms is the
moduli problem [AM2,As,O]. Constructing invariants of pencils at infinity, which depend
only on their class in V , is especially important from this point of view. The Mordell–Weil
group, and more generally, invariants attached to the generic curve CV are such invariants
(see beginning of Section 3 for precise statements).
At this point, it is essential to point out that two equivalent pencils at infinity V and V ′
have associated models XV and XV ′ over P1k which are in general quite different. Since
one usually studies pencils in P2k through their model XV over P
1
k, this brings about the
following problem: which properties of XV depend only on the class of V in V? Our main
results involve the cone of curves NE(XV )Q and the characteristic cone P˜ (XV )Q of XV
[Ka,Kl]. More precisely, we ask in Section 5:
Question 1. Does the property “NE(XV )Q is rational polyhedral” only depend on the class
of V in V?
The minimality assumption on XV is essential in this statement. Question 1 has an
affirmative answer when V is a pencil with one place at infinity, in which case NE(XV )Q is
simplicial [CPR]. A crucial ingredient in the proof of this fact is the theory of Abhyankar–
Moh’s approximate roots.
In this article, we consider the class C of pencils at infinity V = 〈F,Zd〉, where
F = Fa11 · · ·Fass , Fi ∈ H 0(OP2k(di)), is such that the curve Fi = 0 has one place at infinity,
and with d =∑si=1 aidi , g.c.d.(a1, . . . , as) = 1. This class C is stable under equivalence
modulo polynomial automorphism. We extend the theory of Abhyankar–Moh’s approxi-
mate roots to pencils V ∈ C (Theorem 2). In (i) of Theorem 3, we prove that NE(XV )Q is
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V ∈ C. Moreover, we prove that the nef cone of XV is then actually semiample and get an
explicit computation of the cone of curves NE(XV )Q and of the Mordell–Weil group of V
in this class (Theorem 3).
A more general problem, of which Question 1 is a particular case, is:
Question 2. Is NE(XV )Q a rational polyhedral cone if the Mordell–Weil group Pic◦(CV )
is a finite group?
The minimality assumption on XV is also essential in Question 2. The converse state-
ment is true (Proposition 4). An affirmative answer to Question 2 holds when V is an
elliptic cubic pencil (not necessarily at infinity). Cubic pencils have been studied by many
authors (see, for example, [Ma,MP,Sh]). In Section 5, we get an affirmative answer to
Question 2 for primitive pencils at infinity, smooth at the base points, and of arbitrary
degree (Theorem 4).
2. Preliminaries on rational surfaces
In this section, k denotes an algebraically closed field of arbitrary characteristic. We
prove some general facts on Mordell–Weil groups of pencils in P2k, and on cones of curves
and characteristic cones of blow-ups of P2k.
Let π :X → P2k be a composition of point blow-ups. Then Pic(X) 	 Zn+1, where n is
the number of points blown up. This group contains three interesting semigroups:
• NE(X) := semigroup generated in Pic(X) by the classes of all effective curves.
• P(X) := semigroup generated in Pic(X) by the classes of all numerically effective
divisors, that is, having nonnegative intersection number with all elements of NE(X).
• P˜ (X) := semigroup generated in Pic(X) by the classes of all base point free divisors.
These semigroups are respectively called the semigroup of curves, nef semigroup and
characteristic semigroup of X.
Definition 1. Let M be a free Z-module of finite rank, and S ⊂ V a subset. We denote by
SQ (respectively SR) the cone in M ⊗ Q (respectively M ⊗ R) generated by S, i.e., the set
of all finite linear combinations of elements of S with nonnegative rational (respectively
real) coefficients.
The cone P(X)Q therefore is the dual cone of NE(X)Q via the pairing given by intersec-
tion theory on X. Note that NE(X)R need not be the dual cone of P(X)R, since NE(X)R
is not in general closed in the real topology (e.g., if X is the blow up of P2k at s2 points in
general position, with s  4, see [N]). The following proposition gives a coarse criterion
for NE(X)Q to be polyhedral (i.e., finitely generated as a cone).
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erties are equivalent:
(i) The cone of curves NE(X)Q is polyhedral.
(ii) There exists a finite set S := {D1, . . . ,Dm} of integral effective curves on X such that
the dual cone S∨Q of SQ is contained in NE(X)Q.
Assume that n 2 and that X has the equivalent properties (i) and (ii). Then NE(X)Q is
minimally generated by the classes of all integral curves on X with negative self intersec-
tion.
Proof. We first prove that (ii) implies (i). The cone S∨Q is polyhedral, since it is the dual
cone of the polyhedral cone SQ. Let ∆1, . . . ,∆t be a finite set of generators of S∨Q. By
assumption, we have for 1 i  t ,
∆i ∼
∑ni
j=1rijEij ,
where each Eij is an integral effective curve, and each rij is a positive rational number.
Let D be any integral effective curve on X which is distinct from the Dk’s. Then D ∈ S∨Q.
Consequently,
NE(X)Q =
∑
i,j
Q0Eij +
m∑
k=1
Q0Dk,
and this cone of curves is therefore polyhedral.
We now prove that (i) implies (ii). Let S be a finite set of generators of NE(X)Q. We
have S∨Q = P(X)Q and need to prove that P(X)Q ⊆ NE(X)Q. Let H be a fixed ample
divisor on X, and let
P+R :=
{
∆ ∈ Pic(X)R
∣∣∆.H  0 and ∆2  0}
be the nonnegative half cone for the intersection product. By Nakai and Kleiman’s criteria,
P(X)Q is contained in P+R [Kl, IV.2, Theorem 2], which in turn is contained in the closure
of NE(X)Q in the real topology [Ha, V.1.8]. Since the latter cone is polyhedral, its closure
is equal to its convex hull NE(X)R. Hence
P(X)Q ⊆ NE(X)R ∩ Pic(X)Q = NE(X)Q.
The last statement can be proved as follows; by what precedes,
P+R ⊂ NE(X)R. (2.1)
Let D be a minimal generator of the polyhedral cone NE(X)Q. By the Hodge index theo-
rem [Ha, V.1.9], P+ is the half cone over a Euclidian ball of dimension n, which is strictlyR
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Finally, no integral curve D such that D2 < 0 is linearly equivalent to a linear combination
with positive rational coefficients of integral curves distinct from D. This concludes the
proof. 
Proposition 2. The characteristic cone P˜ (X)R is closed in the real topology only if the
cone of curves NE(X)R is. In particular, P˜ (X)Q is polyhedral only if NE(X)Q is polyhe-
dral.
Proof. For any closed cone σ , the correspondence τ → σ∨∩τ⊥ induces a one-to-one map
between cells of σ and cells of its dual σ∨. Now P(X)∨R is the closure NE(X)R of NE(X)R
in the real topology and P˜ (X)R = P(X)R by assumption. Therefore, for any minimal
generator D of NE(X)R, ΣD := P˜ (X)R ∩D⊥ is a cell of P˜ (X)R of positive codimension.
By Kleiman’s result [K, IV.5, Theorem 1], this cell corresponds to a Stein factor µ :X → Y
which contracts the numerical equivalence class of D. Therefore D ∈ NE(X)R. By the
Hodge index theorem, NE(X)R is strongly convex and hence it is generated by its minimal
generators. Thus NE(X)R = NE(X)R. The second statement follows obviously from the
first one. 
We now consider rational surfaces associated with pencils in P2k.
Let d  1 be an integer, and V = 〈F,G〉 ⊆ H 0(OP2k(d)) be a pencil without base curve.
We denote by CV its generic curve, that is, the projective curve
CV := Projk(λ)
(
k(λ)[X,Y,Z]
F(X,Y,Z)− λG(X,Y,Z)
)
↪→ P2k(λ),
where λ is an indeterminate.
The pencil V induces a rational map P2k · · · → P1k. There exists compositions of point
blowing ups πX :X → P2k eliminating its indeterminacies, so that one gets a commutative
diagram
X
fX
πX
P2k · · ·
V
P1k
(2.2)
Definition 2. A pencil V is said to be primitive if the generic curve CV is absolutely
irreducible. Primitive pencils are also characterized by the property that the general fiber
of fX is reduced and irreducible.
Note that, if char k = 0, then for any pencil V , the general fiber of fX is reduced. From
now on, all pencils considered will be primitive.
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rings is stable by taking rings of fractions, the generic fiber f−1X (ξ) is regular. Conse-
quently, f−1X (ξ) 	 CV , where CV is the normalization of CV . Note that if k has positive
characteristic, CV need not be smooth over k(λ), since k(λ) is not a perfect field.
Let p ∈ P1k. One can write the cycle of f−1X (p) in A1(f−1X (p)) in the following way:
[
f−1X (p)
]= vp∑
i=1
bi,pEi,p +
np∑
j=1
aj,pCj,p,
where the Ei,p’s (respectively Cj,p’s) are those irreducible components of f−1X (p) which
are mapped by πX to a point (respectively to a curve).
Definition 3. An element p ∈ P1k is called a special value of fX if the fiber f−1X (p) is not
integral (reduced and irreducible). We denote by ΣfX the set of special values, which is a
finite set (since the pencil V is assumed to be primitive).
Definition 4. An irreducible curve in X exceptional for πX is said to be horizontal for
fX if it is mapped onto P1k by fX . These curves are in 1–1 correspondence with the Rees
valuations of the base ideal of V and are denoted by H1, . . . ,Hs .
Remark. The collection of integers np, aj,p, s only depend on V . On the contrary, vp, bi,p
depend on a given choice of X.
Proposition 3. Let p0 be a nonspecial value of fX . With notations as above, there is an
exact sequence
0 → Z|ΣfX | µ−→
⊕
p∈ΣfX∪{p0}
A1
(
f−1X (p)
) i−→ Pic(X) ρ−→ Pic(CV ) → 0, (2.3)
where ρ is the restriction map, i is induced by the inclusions f−1X (p) ↪→ X, and µ is given
by
ep →
[
f−1X (p)
]− [f−1X (p0)].
In particular, there is an equality
s − 1 =
∑
p∈ΣfX
(np − 1)+ rk Pic◦(CV ).
Proof. That ρ is surjective is a consequence of the valuative criterion of properness applied
to fX . Also, i maps onto the kernel of ρ because all scheme theoretic fibers of fX are
linearly equivalent in X. Therefore the sequence (2.3) is clearly exact except possibly for
the computation of the kernel of i.
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components of f−1X (p) is negative semidefinite for each p ∈ P1k, since
f−1X (p).Ei,p = f−1X (p).Cj,p = 0
for 1  i  vp , 1  j  np . Moreover, Artin’s argument (end of proof of Proposition 2)
implies that if Z =∑p∈ΣfX∪{p0} Zp ∈ Ker i, where Zp ∈ A1(f−1X (p)), then we have
Zp = mp
qp
f−1X (p),
where mp ∈ Z, qp := g.c.d.(bi,p, aj,p), and∑
p∈ΣfX∪{p0}
mp
qp
= 0.
Now, the qp’s are pairwise coprime because CV is absolutely irreducible. This implies that
mp
qp
∈ Z
for all p ∈ ΣfX ∪ {p0}. Hence the image of µ generates the kernel of i.
As for the last statement in the proposition, we compute rk Pic(X) in two different ways.
First, consideration of the map πX :X → P2k shows that
rk Pic(X) = 1 + s +
∑
p∈ΣfX
vp. (2.4)
By (2.3), we have
rk Pic(X) = 1 + rk Pic◦(CV )+ 1 +
∑
p∈ΣfX
(vp + np − 1). (2.5)
Comparison of (2.4) and (2.5) concludes the proof. 
Remark. The inequality s − 1∑p∈ΣfX (np − 1) is due to Kaliman over C [K]. We have
estimated the difference.
The exact sequence (2.3) provides more information than the computation of rk Pic◦(CV )
in terms of s and the np’s , i.e., the torsion subgroup of Pic◦(CV ) also contains valuable
information. We illustrate this point in the following example.
Example. Let V = 〈Y(X2Y +Y 2Z +Z2X),Z4〉. Then V is a primitive pencil. A possible
choice for the surface X is obtained by blowing up Q = (1 : 0 : 0), P = (0 : 1 : 0), 1 point
infinitely near Q and 7 more points infinitely near P . There are two horizontal exceptional
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two special values, obtained for p1 = (1 : 0) and p2 = (0 : 1). The exact sequence (2.3)
reads
0 → Z2 → Zp0 ⊕ Z2p1 ⊕ Z9p2 → Z11 → Pic(CV ) 	 Z → 0.
Therefore, Pic◦(CV ) = (0). Since CV is elliptic, this implies that fX has a unique section,
whose image is HP .
The following proposition draws a connection between the cone of curves of X and the
Mordell–Weil group Pic◦(CV ) of the pencil V .
Proposition 4. Let V be a primitive pencil in P2k. Assume that there exists a smooth rational
surface X eliminating its indeterminacies as in (2.2) such that NE(X)Q is a polyhedral
cone. Then Pic◦(CV ) is a finite group.
Proof. Let K be the image by ρ of NE(X). Then K is the semigroup generated by effective
divisors on CV . Fix an ample divisor A on CV . By Riemann–Roch, the cone KQ generated
by K in Pic(CV )⊗ Q is characterized by
KQ =
{
aA+B, a > 0, B ∈ Pic◦(CV )⊗ Q
}∪ {0}.
The assumption implies that KQ is polyhedral. This is possible only if Pic◦(CV )⊗ Q = 0.
Hence Pic◦(CV ) is a finite group, since in any case it is finitely generated by (2.3). 
Remark. One cannot expect a converse to Proposition 4 for arbitrary X, since the property
“NE(X)Q is a polyhedral cone” is not stable by blowing up X. However, one might expect
a converse for the minimal such X (see Section 5 for results in this direction). This leads
to the following definition.
Definition 5. The minimal smooth rational surface X with respect to birational domination
eliminating the indeterminacies of V will be denoted by XV . This variety is equipped with
morphisms π :XV → P2k and f :XV → P1k as before.
3. Pencils at infinity
In this section, we turn our attention to pencils at infinity. An extra property of these
pencils is a result given in [A] which we extend to arbitrary characteristic in Proposition 5.
We also give several properties and characterizations of pencils with one place at infinity
(Definition 9 and following statements).
Definition 6. A pencil V is said to be a pencil at infinity if it is of the form V = 〈F,Zd〉
where F ∈ H 0(OP2k(d)), Z does not divide F , and Z = 0 is the equation of a straight line
L in P2 (which is viewed as the line “at infinity”).k
A. Campillo et al. / Journal of Algebra 293 (2005) 513–542 521Let V = 〈F,Zd〉 be a pencil at infinity. Let A2k := P2k \L and σ : A2k → A2k a polynomial
automorphism. Then σ induces a new pencil at infinity Vσ = 〈Fσ ,Zdσ 〉 where Fσ and dσ
are defined as follows: Let (X : Y : Z) be homogeneous coordinates of P2k. Let F 0(x, y) :=
F(X/Z,Y/Z,1) and σ
 : k[x, y] → k[x, y] be the morphism of rings induced by σ . Then
Fσ is the homogenization of F 0σ := σ 
(F 0) and dσ is the degree of Fσ .
Definition 7. Two pencils at infinity V and V ′ are said to be equivalent modulo polynomial
automorphism if V ′ = Vσ for some polynomial automorphism σ : A2k → A2k.
Remark. A polynomial automorphism σ : A2k → A2k induces an isomorphism
Spec k(λ)[x, y]/(F 0 − λ)∼= Spec k(λ)[x, y]/(F 0σ − λ)
between the affine parts of CV and CVσ . Therefore, all invariants associated to the generic
curve CV of V are preserved by equivalence modulo polynomial automorphism.
Given a primitive pencil at infinity V = 〈F,Zd〉, consider π :XV → P2k, and let us de-
note by E0 the strict transform of L on XV , and by E1, . . . ,En the irreducible components
of the exceptional locus of π . Let {H1, . . . ,Hs} ⊆ {Ei}ni=1 be the set of exceptional com-
ponents of π which are horizontal for f :XV → P1k as in definition 4, and let ∆0, . . . ,∆n
be the dual basis of E0, . . . ,En for the intersection pairing.
Proposition 5. Let V = 〈F,Zd〉 be a primitive pencil at infinity. Then, the image of the
degree map
deg : Pic(CV ) → Z
is Z if char k = 0 and pδZ for some δ  0 if char k = p > 0.
Proof. Let ∆ ∈ Pic(XV ) be the class of any fiber of f :XV → P1k, i.e., ∆ = e1∆H1 +· · · + es∆Hs in Pic(XV ), where ei := deg(Hi |CV ) and ∆Hi is the element of the dual ba-
sis corresponding to the horizontal component Hi , i.e., ∆Hi = ∆ji where Hi = Eji . We
have to show that g.c.d.({ei}i ) = 1 (respectively pδ), or equivalently that ∆ is primitive
(respectively p-primitive), i.e., Q∆∩Pic(XV ) = Z∆ (respectively 1pδ Z∆ for some δ  0).
Suppose that ∆ = m∆0 where ∆0 is primitive and m > 0 (respectively ∆0 is p-
primitive, m> 0 and p  m). We have
f−1(∞) = dE0 +
∑
s∈S
bsEs,
where S is a subset of {1, . . . , n}. Note that (E0, {Es}s∈S) is a subset of a basis of Pic(XV ).
Since ∆ is the class of the cycle [f−1(∞)], where ∞ = (1 : 0) ∈ P1k, D := 1mf−1(∞) is
an integral effective divisor whose linear equivalence class is ∆0. Thus, m divides d and
D is the zero locus of a global section sZ of OXV (∆0). We will find another global section
of this sheaf.
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follows from [Ar1, Lemma 1.4]. In fact, the reduced cycle Dred defined by D is rational,
i.e., H 1(ODred) = 0, since Dred is a tree of P1k’s with simply connected dual graph. There
is an exact sequence
0 → Pic◦(D) → Pic(D) → Pic(Dred)
deg	 ZN → 0, (3.1)
where N is the number of irreducible components of Dred. Then, Artin states that there
exist chains of subgroups
H 1(OD) = N0 ⊃ N1 ⊃ · · · ⊃ Nn = 0, Pic◦(D) = M0 ⊃ M1 ⊃ · · · ⊃ Mn = 0,
isomorphisms of groups Nj−1/Nj ∼= Mj−1/Mj , and moreover each Mj−1/Mj has a struc-
ture of k-vector space induced by that in H 1(OD). Therefore, the map Mj−1/Mj →
Mj−1/Mj , B → mB is the product by m ∈ k, thus injective. It follows that Pic◦(D) →
Pic0(D), B → mB is also injective. This and the exact sequence (3.1) imply the injectivity
of B → mB in Pic(D).
Now, OU(∆) ∼= OU where U = XV \ f−1(q) for any q ∈ P1k, and hence OD(mD) =
OD(∆) ∼=OD . Therefore OD(D) ∼=OD by what precedes. From the exact sequence
0 →OXV →OXV (D) →OD(D) → 0
it follows that we have a surjective morphism H 0(OXV (D)) → H 0(OD(D)) = H 0(OD)
since H 1(OXV ) = 0. Let s ∈ H 0(OXV (D)) be such that s|D is the constant section 1 ∈
H 0(OD). The divisor of zeroes of s is (s) = D + (h) where h is a rational function in XV
whose divisor of poles is a positive integral multiple of [f−1(∞)] by (2.3), which is valid
since it is assumed that V is primitive. This implies m = 1. 
Remark. For k = C this result is already proved (see [A, Section 2 and Theorem in
p. 103]).
Remark. The conclusion of Proposition 5 does not hold in general when V is not a pencil at
infinity. For example, let F = X2Y +Y 2Z+Z2X and G = X(YZ+X2)−Z3. The pencil
V = 〈G2Z3,F 3〉 is primitive and the surface XV is obtained by blowing up Q = (1 : 0 : 0),
P = (0 : 1 : 0) and 7 more points infinitely near P . The strict transform of the general curve
of V has multiplicity 3 in each point, thus deg(Pic(CV )) = 3Z. The point is that, if D is
the cubic F = 0, then L=OD(P −Q) has order 3 in Pic(D).
We are interested in considering primitive pencils at infinity V such that the cone of
curves NE(XV )Q is polyhedral (see Question 1 in the introduction). Recall that this holds
if and only if there exists a finite set S of integral curves on XV such that S∨Q ⊆ NE(XV )Q
(Proposition 1). If we impose S to be {Ei}ni=0, then an extension of the concept of curvette
appears.
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is an isomorphism onto P2k \ L (for instance, π could be the morphism XV → P2k defined
by a pencil V at infinity). Let E0 be the strict transform of L on X, E1, . . . ,En be the
irreducible components of the exceptional locus of π , and ∆0, . . . ,∆n be the dual basis of
E0, . . . ,En for the intersection pairing.
For 0 i  n, an effective divisor Ci on X is called an i-curvette if it intersects properly
all Ej ’s and is linearly equivalent to ∆i . An effective divisor Ci on X is called a numerical
i-curvette if it is linearly equivalent to a positive integral multiple of ∆i . We say that X
admits a system of curvettes (respectively a system of numerical curvettes) if there exists
an i-curvette (respectively numerical i-curvette) for 0 i  n.
Proposition 6. If X admits system of numerical curvettes then NE(X)Q is polyhedral.
Proof. This follows from Proposition 1, taking S = {E0, . . . ,En}. 
We will consider pencils V at infinity such that XV admits a system of numerical
curvettes. Our first purpose is to show that, over an algebraically closed field of charac-
teristic 0, these pencils are defined by curves with one place at infinity (Theorem 2 in next
section).
Definition 9. A curve C ↪→ P2k is said to have one place along a line L ↪→ P2k if C ∩ L
is a unique point x and C is reduced and unibranch at x. Since L is viewed as the line at
infinity Z = 0, we say that C has one place at infinity.
From now on, it is assumed that k is an algebraically closed field of characteristic 0. We
review the pencils V = 〈F,Zd〉, where F ∈ H 0(OP2k(d)) and the curve C with equation
F = 0 has one place at infinity at x = L∩C. These pencils were studied in [CPR].
Let π :X → P2k be a chain of blowing ups of points x1 = x, x2, . . . , xn that resolves
locally at x the singularity of the curve C. For 1 i  n, let Ei be the strict transform in
X of the exceptional divisor of the blowing up of xi , and let E0 be the strict transform of
L on X. The dual graph Γ for the configuration of the Ei ’s has the form
Ei0
  . . .    . . .

...

Ei1
   . . . . . . . . .

...

Ei2
   . . .
E∗

...

Eig
 
En
where we have labelled {Eij }gj=0 the Ei ’s different to En corresponding to the ends of Γ ,
i0 = 1 < i1 < · · · < ig and En coincides with E∗ if π is the minimal desingularization. Let
k, 1 k  i1, be such that E0 intersects transversally Ek . For 0 j  g, let δij := νij (Z)
where νij is the divisorial valuation defined by Eij .
Two crucial and well known facts about plane curves with one place at infinity are:
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integral curves C0,C1, . . . ,Cg (C0,C2, . . . ,Cg if k = i1) in P2k such that Cj has degree δij
and its strict transform C′j in X is a ij -curvette.
Proposition 8 ([AM,Mo], [CPR, Corollary 2]). All curves F − λZd = 0, with λ ∈ k,
have one place at infinity at x and simultaneous minimal resolution. Therefore, the pencil
V = 〈F,Zd〉 is primitive, there is only one exceptional component which is horizontal for
f :XV → P1k and a unique special value of f .
Remark. Both Propositions 7 and 8 are false if k has positive characteristic. For example,
let char k = 2 and F = (Y 4 + X3Z)2 + XY 2Z5 + YZ7. Then the curve with equation
F − λZ8 = 0 meets the line Z = 0 in a unique point x = (1 : 0 : 0) for all λ ∈ k. It has one
branch at x for λ = 0 and two branches for λ = 0. The surface XV defined by V = 〈F,Z8〉
is obtained by blowing up x and 15 more points infinitely near x. The strict transform of
the curve F − λZ8 = 0 has multiplicity 2 in each point. Note also that there is no curve C1
as in Proposition 7.
Corollary 1. Let V = 〈F,Zd〉 be a pencil at infinity over a field k of characteristic 0. The
following conditions are equivalent:
(i) The curve given by F = 0 has one place at infinity.
(ii) V is primitive, Pic◦(CV ) is a finite group and all curves F − λZd = 0, for λ ∈ k, are
irreducible.
(iii) V is primitive and the strict transform C′ in XV of the curve F = 0 is a numerical i-
curvette for some irreducible component Ei of the exceptional locus of π :XV → P2k.
Proof. Since (i) implies that V is primitive, we may restrict to primitive pencils. By Propo-
sition 3, condition (ii) is equivalent to s = 1. Assume (iii). Since V is primitive, the fibers
of f :XV → P1k are connected. Write
f−1(0) = C′ +E,
where E is exceptional for π . Since C′ is a numerical curvette, E is a (possibly empty) con-
nected curve. If E is empty, we have s = 1. If E is nonempty, each exceptional component
of π which is horizontal for f meets E. But π−1(L) is a tree of P1k’s (no cycle) and there-
fore s = 1. This proves that (iii) implies s = 1. Then the result follows from Propositions 5
and 8. 
Remark. If all curves F −λZd = 0 are irreducible and rational, then CV is a rational curve
and hence Pic◦(CV ) = 0. Thus, by Corollary 1, F = 0 has one place at infinity (see [LW]).
The following proposition contains the results in [CPR] that we will need in this paper.
Precisely, (i) is Lemma 2 in [CPR] rewritten in terms of the divisors ∆i , and (ii) and (iii)
is Theorem 2 in [CPR].
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place at infinity, and consider the chain of point blowing ups π :XV → P2k. Then,
(i) ∆i.∆i′  0 for 0 i, i′  n and ∆i.∆i′ = 0 implies i = i′ = ij for some j , 1 j  g,
or i = i′ = n. We have ∆2n = 0.
(ii) NE(XV ) =⊕ni=0 NEi and P(XV ) =⊕ni=0 N∆i .
(iii) P˜ (XV )Q = P(XV )Q.
Remark. Proposition 9 proves that, for any pencil defined by a curve with one place at
infinity, NE(XV )Q is a simplicial cone whose dual cone is semiample. Since the class of
such pencils is clearly stable under equivalence modulo polynomial automorphism, this
answers Question 1 in the introduction in the affirmative for such pencils.
The following result is a sufficient condition for recognizing curves with one place at
infinity.
Theorem 1. Let k be an algebraically closed field of characteristic 0 and π :X → P2k
be a proper birational morphism onto P2k such that X is smooth and π |X\π−1(L) is an
isomorphism. Let Ei be an irreducible component of the exceptional locus of π and C an
integral curve in P2k whose strict transform C′ in X is a numerical i-curvette and satisfies
C′2  0. Then C has one place at infinity and C′ ∼ ∆i .
Proof. We may assume that π is a chain of n point blowing ups and i = n. In particular, all
blow ups are centered at points of the strict transform of C. Let F ∈ H 0(OP2k(d)) define C,
and consider the pencil at infinity V = 〈F,Zd〉. Since C is integral, the fibers of f :XV →
P1k are connected (i.e., f coincides with its Stein factorization). Since the general fiber
of f is smooth [Ha, III 10.7], it is integral, thus V is a primitive pencil. If the number s
of horizontal exceptional components is 1, then the result follows from Corollary 1. So,
suppose s  2.
Let π0 :Y → P2k be the maximal chain of point blowing ups such that Y is dominated
by X and XV . The strict transform of C in Y is a numerical curvette. If none of the points
P of intersection of this curve with the exceptional locus of π0 is a base point of V , then
the strict transform C˜ of C in XV is also a numerical curvette and the result follows from
Corollary 1.
So, suppose that some P is a base point of V . This implies that Y = X. We claim that the
fiber at 0 of f :XV → P1k is C˜+D where D is some divisor which has exceptional support
for the morphism η :XV → X. Then, if C′λ is the strict transform in X of a general curve
F − λZd = 0, we have 0 <C′λ.C′ = C′2 by the projection formula, against the hypothesis
C′2  0.
Let us prove the claim. Since f−1(0) is connected, one can write
f−1(0)− C˜ =
t∑
(Fi +Di),
i=1
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cally to its image and η(Di) is a finite set. It must be proved that Fi is empty for 1 i  t .
Assume not.
Since η(Fi) ∩ C′ = ∅ whenever Fi = 0, and C′ is a curvette, at most one of the Fi ’s is
nonzero. Without loss of generality, assume Fi = 0 for 2 i  t . Note that η(f−1(0)) is
connected so that the strict transform E˜n of En in XV is an irreducible component of F1.
Since (π ◦ η)−1(L) is a tree of P1k’s (no cycle), there exists a unique horizontal ex-
ceptional component, say H1, which meets F1 ∪ D1. But s  2, so that we may pick
Q ∈ H2 ∩f−1(0). We have η(Q) ∈ C′. Let E ⊂ XV be the connected component of the ex-
ceptional locus of η containing Q. Then, since C′ is a curvette, (π ◦η)−1(L) = E∪ E˜n∪E ′,
where E and E ′ are disjoint. Therefore H2 ⊂ E and consequently f−1(∞) ⊂ E , a contra-
diction, and the claim is proved. 
4. Pencils at infinity admitting a system of numerical curvettes
In this section, we prove a structure theorem for pencils V such that XV has a system of
numerical curvettes. The Mordell–Weil group Pic◦(CV ), the semigroup of curves NE(XV )
and the characteristic cone P˜ (XV )Q are explicitly computed in Theorem 3. With notations
as in Definition 8, we will prove the following:
Theorem 2. Let k be an algebraically closed field of characteristic 0. The following are
equivalent:
(1) V is a primitive pencil at infinity over k such that ∆i ∈ NE(XV ) for 0 i  n.
(2) V is a primitive pencil at infinity over k such that XV admits a system of numerical
curvettes.
(3) There exist d1, . . . , ds, a1, . . . , as ∈ N \ {0} and F1, . . . ,Fs , Fi ∈ H 0(OP2k(di)), such
that the curve Fi = 0 has one place at infinity, V = 〈Fa11 . . . F ass ,Zd〉 where d =∑s
i=1 aidi and:
(3.1) g.c.d.(a1, . . . , as) = 1,
(3.2) if s  2, then Fi /∈ 〈F1,Zd1〉 for some i, 2 i  s.
Proof. By definition, XV admits a system of numerical curvettes if and only if ∆i ∈
NE(XV )Q for 0 i  n, hence (1) implies (2). If s = 1 in (3), we have
n⊕
i=0
N∆i = P(XV ) ⊆ NE(XV )Q ∩ Pic(XV ) = NE(XV )
by Proposition 9(ii). It follows that (3) implies (1) for s = 1. In order to prove that (3)
implies (1) for s  2, we first study the pencils V = 〈Fa11 . . . F ass ,Zd〉 where the Fj ’s are
homogeneous of degree dj and pairwise distinct, the curve Cj given by Fj = 0 has one
place at infinity, d =∑ajdj and (3.1), (3.2) hold.
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responding morphisms. Let X := XV1 ×P2k · · · ×P2k XVs be the minimal surface dominating
all XVj ’s, i.e., if πj is the chain of blowing ups in the set of points {xi}i∈Bj , then X is ob-
tained by blowing up {xi}i∈⋃j Bj (note that the Bj ’s need not be disjoint). Let ρ :X → P2k
be this sequence of blowing ups. We fix notations: let E˜0 be the strict transform of L in X,
and let E˜i be the strict transform in X of the exceptional curve created by blowing xi .
Then {E˜i}i∈(⋃j Bj ){0} is a basis of Pic(X). Let {∆˜i}i ⊂ Pic(X) be the dual basis of the ba-
sis {E˜i}i . Let νi be the divisorial valuation associated with E˜i . We also denote by E˜nj the
irreducible component of the exceptional locus of ρ which intersects the strict transform
C˜j of Cj and xnj := E˜nj ∩ C˜j .
Lemma 1. The following holds:
(i) xnj = xnj ′ for j = j ′.(ii) There exists a regular system of parameters (uj , tj ) of OX,xnj such that(
F
a1
1 . . . F
as
s ,Z
d
)OX,xnj = tcjj (uajj , tbjj ),
where cj := νnj (F a11 . . . F ass ) and, if ρr,j := (Cr .Cj )P2k\L,
bj := νnj
(
Zd
)− νnj (Fa11 . . . F ass )=∑
r =j
arρr,j . (4.1)
(iii) The surface XV is obtained from X by performing the s minimal chains of point
blowing ups which make the monomial ideals (uajj , t
bj
j ) invertible. In particular, there
is a one-to-one correspondence between exceptional components H1, . . . ,Hs which
are horizontal for f :XV → P1k and curves Cj . We have
ej := degHj |CV = g.c.d.(aj , bj ).
(iv) The pencil V is primitive. The number of special values (Definition 3) of f :XV → P1k
is 1 if s = 1 and 2 if s  2.
Proof. For (i) note that on XVj the strict transform of Cj ′ , j ′ = j , is either a fiber of fj ,
which must be distinct from the strict transform of Cj because Fj ′ = Fj , or else it intersects
all fibers of fj , in particular the fiber at infinity. In the first case E˜nj ′ = E˜nj but xnj ′ = xnj
and in the second case E˜nj ′ = E˜nj so that xnj ′ = xnj .
To prove (ii), we claim that
(a) ∆˜2i  0 and ∆˜2i = 0 implies that in the dual graph for the configuration of the E˜i ’s, E˜i
corresponds to an end vertex.
(b) ∆˜i .∆˜i′ > 0 if i = i′.
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the morphism X → XVj of the corresponding element of the dual basis of Pic(XVj ). And
(a) implies (b) by the Hodge index theorem.
Let i ∈⋃j Bj . We have
νi
(
Zd
)− νi(Fa11 . . . F ass )= s∑
r=1
ar
(
drνi(Z)− νi(Fr)
)= s∑
r=1
ar(∆˜i .∆˜nr ).
If s  2, we have nj = nj ′ for some pair of indices (j, j ′) by (3.2). By (a) and (b), we get
that
νi
(
Zd
)− νi(Fa11 . . . F ass )= 0 (4.2)
if s = 1 and i = n1, and
νi
(
Zd
)− νi(Fa11 . . . F ass )> 0 (4.2′)
otherwise. Thus, if (uj , tj ) is a regular system of parameters of OX,xnj such that uj = 0 is
a local equation of the strict transform C˜j of Cj and tj = 0 is a local equation of E˜nj , then
(ii) holds. Note that (4.1) follows from (4.2) and (4.2)′ and the fact that
(∆˜nj .∆˜nr ) = (Cj .Cr)P2k − (Cj .Cr)L = (Cj .Cr)P2k\L.
Also note that, if s = 1, then b1 = 0 and, if s  2, then bj > 0 for 1 j  s.
For s = 1, (iii) and (iv) hold (Proposition 8), so suppose s  2. The first two assertions
in (iii) follow from (ii), since the monomial ideal (uajj , t
bj
j ) has a unique Rees valuation,
corresponding to the exceptional curve Hj in XV . In the following figure, we have drawn
the dual graph Γj of the configuration of the exceptional curves appearing when making
the monomial ideal (uajj , t
bj
j ) invertible:


Enj
  . . . . . .  
Hj
C′j
if aj | bj 

Enj
  . . . . . .
...
...





Hj
C′jif aj  bj
We have also represented the strict transform Enj of E˜nj in XV , the horizontal component
Hj in Γj and the strict transform C′ of Cj in XV .j
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components represented in Γj by vertices in the vertical segment, for all j . All other ex-
ceptional components, distinct from the Hj ’s, and the strict transform E0 of L constitute
the support of the fiber f−1(∞).
Let Dj , 1 j  s, be the effective curve, exceptional for XV → X such that
OXV (−Dj) =
(
u
aj /εj
j , t
bj /εj
j
)OXV ,
where εj := g.c.d.(aj , bj ). Let C˜λ (respectively C′λ) be the strict transform in X (respec-
tively XV ) of the curve Cλ with equation Fa11 . . . F ass − λZd = 0. By (4.2) and (4.2)′, the
exceptional part of the total transform of Cλ in X is independent of λ. A local equation of
C˜λ at xnj is
u
aj
j − λζj t
bj
j = 0
for some unit ζj ∈ OX,xnj . A direct computation shows that the total transform of C˜λ in
XV is
C˜∗λ = C′λ +
s∑
j=1
εjDj
and that (C′λ.Hj ) = εj for all λ ∈ k, λ = 0. This proves that ej = εj , hence concludes (iii),
and it also implies that the fiber f−1(λ) contains no exceptional curve for π :XV → P2k for
all λ = 0.
There remains to prove that C′λ is irreducible for all λ = 0. Since
g.c.d.(e1, . . . , es) | g.c.d.(a1, . . . , as) = 1.
f has connected fibers. This implies that the general fiber of f is irreducible, therefore V is
a primitive pencil. Let nλ be the number of irreducible components of C′λ. By Proposition 3,
we have
s − 1 =
∑
λ=0
(nλ − 1)+ s − 1 + rk Pic◦(CV ).
Therefore nλ = 1 for all λ = 0 as required. 
Proof of Theorem 2 continued. Let us now prove that (3) also implies (1) for s  2.
Consider the morphisms µ :XV → X = XV1 × · · · ×XVs , ρ :X → P2k and π = µ ◦ ρ. Let{E}i be the basis of Pic(XV ) defined by the strict transform E0 of L and the irreducible
components of the exceptional locus of π , and let {∆i}i be its dual basis. Given Ei , we
consider two cases:
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transform of a curve in the exceptional locus of πj . Then ∆i is the total transform by
the morphism XV → XVj of the corresponding element in the dual basis of the basis
of Pic(XV ) defined by the strict transform of L and the exceptional locus of πj . We
therefore reduce to the case s = 1 and, by Proposition 9, we get
∆i ∈
n⊕
i=0
NEi if Ei is not exceptional for µ. (4.3)
(b) Suppose that Ei is exceptional for µ. We have µ(Ei) = xnj for some j , 1  j  s.
The simple complete ideal determined by Ei is also a monomial ideal (u
rj,i
j , t
bj,i
j ) in
the r.s.p. (uj , tj ) of Lemma 1(ii). Therefore
∆i ∼ rj,iC′j +B, (4.4)
where B is an effective divisor with support in the union of those Ei ’s which map to
xnr by µ. We have proved that
∆i ∈ NC′j +
n∑
i=0
NEi if Ei is exceptional for µ (4.5)
and hence (1) holds.
There remains to prove that (2) implies (3). Let V = 〈F,Zd〉 satisfy (2). By Proposi-
tions 6 and 4, Pic◦(CV ) is a finite group. First suppose that all curves in V are irreducible,
that is, np = 1 for all p ∈ P1k with notations as in Proposition 3. Then the number s of hor-
izontal exceptional components is 1 by Proposition 3. The conclusion then follows from
(ii) ⇒ (i) of Corollary 1.
Suppose now that np  2 for some p ∈ P1k. In fact, p ∈ A1k and after changing F by
F − pZd , we may suppose p = 0, so that n0 is the number of irreducible components of
the curve F = 0. Let Cj be one of them and C′j its strict transform in XV . Since V is
primitive, f−1(0) is connected. Write f−1(0) = ajC′j +D, where aj ∈ N \ {0}, D and C′j
meet properly and D = 0 since n0  2. We have
C′2j =
1
aj
((
C′j .f−1(0)
)− (C′j .D))= 0 − 1a (C′j .D)< 0. (4.6)
Let
C′j ∼
∑
ci∆i, (4.7)
i
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Q0, Bi is an effective Q-divisor on XV and C′j /∈ SuppBi . Let c =
∑
i cibi ∈ Q0, then
(1 − c)C′j ∼
∑
i
ciBi .
Intersecting both members with C′j , it follows that 1 − c 0 by (4.6). Intersecting with an
ample divisor A, since A.B > 0 for all effective nonzero curve B , we conclude that c = 1
and
∑
i ciBi = 0, i.e., ∆i ∼ biC′j for all i with ci > 0. Therefore, there is only one i with
ci > 0 in (4.7). Thus Theorem 1 applies to Cj and we conclude that V = 〈Fa11 . . . F ass ,Zd〉
where Fi ∈ H 0(OP2k(di)), a1, . . . , as ∈ N \ {0}, d =
∑s
i=1 aidi and the curve Fi = 0 has
one place at infinity. By hypothesis, CV is absolutely irreducible. This implies that (3.1)
and (3.2) hold. 
Theorem 3. Let V be a primitive pencil having one of the equivalent properties listed in
Theorem 2. Then,
(i) NE(XV ) =∑ni=0 NEi +∑sj=1 NC′j .
(ii) P˜ (XV )Q = P(XV )Q.
(iii) Let {H1, . . . ,Hs} ⊆ {Ei}ni=1 be the set of all exceptional components which are hori-
zontal for f . Then,
Pic(CV ) = ZH1 ⊕ · · · ⊕ ZHs
/〈{
−bj
ej
Hj +
∑
r =j
ar
er
ρr,jHr
}
1js
〉
,
where the aj ’s are those in (3) of Theorem 2, and the bj ’s and ej ’s are those integers
computed in Lemma 1.
Proof. (i) follows from (4.3) and (4.5). For (iii), according to Lemma 1(iv), the special
values of f :XV → P1k are the infinity, whose fiber is supported in the union of the Ei ’s
distinct from H1, . . . ,Hs , and 0 if s  2, whose fiber is supported in the union of the C′j ’s
and of those Ei ’s distinct from H1, . . . ,Hs . We have C′j ∼
∑n
i=0(∆i.C′j )Ei . Therefore,
Proposition 3 implies that
Pic(CV ) 	 ZH1 ⊕ · · · ⊕ ZHs
/〈{ s∑
r=1
(
∆Hr .C
′
j
)
Hr
}
1js
〉
.
Now, by (4.4), for 1 r  s,
∆Hr =
ar
C′r +Br,er
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for j = r , (
∆Hr .C
′
j
)= ar
er
ρr,j .
Since f−1(t) ∼ e1∆H1 + · · · + es∆Hs for any t ∈ P1k, (4.1) implies that(
∆Hj .C
′
j
)= − 1
ej
∑
r =j
er
(
∆Hr .C
′
j
)= −bj
ej
.
This proves (iii).
To prove (ii), since obviously P˜ (XV ) ⊆ P(XV ), let us prove that P(XV ) ⊆ P˜ (XV )Q.
First note that
∑n
i=0 N∆i ⊆ NE(XV ) by (1) of Theorem 2, therefore P(XV ) ⊆
∑n
i=0 NEi
by duality. Thus, given ∆ ∈ P(XV ), the base locus F∆ of |∆| is contained in ⋃ni=0 Ei .
We claim that for each i, 0  i  n, there exists a positive multiple m∆i of ∆i and
a global section si of OXV (m∆i) whose divisor of zeroes (si) does not contain E0. This
follows from (4.4) (respectively from Proposition 9(iii)) if Ei is (respectively is not) ex-
ceptional for µ :XV → X. After possibly replacing ∆ with a positive multiple, we hence
may assume that F∆ ⊆⋃ni=1 Ei .
Let E∆ be the one-dimensional part of F∆. By definition, |∆−E∆| has no base curve.
Take
S = E∆ +D ∈ |∆|, (4.8)
where C′j ,Ei /∈ Supp(D) for 1 j  s, 0 i  n. Then, for each irreducible component
Dα of D, Dα ∈ P(XV ) by (i).
First suppose that S.Dα = 0 for some α. Since S,Dα ∈ P(XV ), we have S ∼ rαDα for
some rα ∈ Q>0 by the Hodge index theorem. By (4.8), we get
0 = S.Dα = E∆.Dα +D.Dα  0.
Therefore D.Dα = 0, and hence S.D = 0 and we get S ∼ rD for some r ∈ Q>0. Also
S −D is effective by (4.8), thus r  1. We have
E2∆ = (S −D).E∆ = (r − 1)D.E∆  0,
so that E∆ = 0. Therefore, ∆ has no base curve and satisfies ∆2 = 0, so that ∆ ∈ P˜ (XV ).
Suppose now that S.Dα > 0 for each irreducible component Dα of D, so that L⊗OD
is ample on D, where L :=OXV (S). There are exact sequences
0 → Ll ⊗OD(−E∆) → Ll ⊗OS → Ll ⊗OE∆ → 0 (4.9)
for l  0. We have H 1(Ll ⊗ OD(−E∆)) = 0 for l  0 since L is ample on D. Also
H 1(Ll ⊗OE∆) = 0 for all l  0 since E∆ is a rational curve and Ll is numerically effective
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get for all l  0,
H 1
(Ll ⊗OS)= 0 (4.10)
and a surjective map
Γ
(Ll ⊗OS)→ Γ (Ll ⊗OE∆)→ 0. (4.11)
The sheaf Ll ⊗OE∆ is generated by global sections [Li, Proposition 11.1], which lift to
global sections of Ll ⊗OS for l  0 by (4.11). We obtain that Ll ⊗OS is generated by
global sections in a neighbourhood of the base locus E∆ of |∆| for l  0.
Now, from the exact sequences
0 → Ll → Ll+1 → Ll+1 ⊗OS → 0
for l  0, and (4.10), it follows that Ll is generated by global sections in a neighbourhood
of E∆ for l  0. After possibly replacing ∆ with a positive multiple, we hence may assume
that E∆ = 0, so that |∆| consists of isolated points. The conclusion now follows from the
classical [Z, Theorem 6.1]. 
Remark. Let C be the class of primitive pencils at infinity V = 〈Fa11 . . . F ass , Zd〉 where
Fi ∈ H 0(OP2k(di)) is such that the curve Fi = 0 has one place at infinity, and d =∑s
i=1 aidi . Equivalently, by Theorem 2, C is the class of pencils V = 〈Fa11 . . . F ass ,Zd〉
where the Fi ’s and d are as before and (3.1) and (3.2) hold. Theorem 3 proves that, for
any pencil V in C, NE(XV )Q is a rational polyhedral cone whose dual cone is semiample.
Since the class C is stable under equivalence modulo polynomial automorphism, this gives
an affirmative answer to Question 1 in the introduction for pencils in C.
In order to understand when the semigroups P(XV ) and P˜ (XV ) are equal we have the
following necessary condition:
Proposition 10. Let V be a pencil having one of the equivalent properties listed in The-
orem 2. Suppose that P(XV ) = P˜ (XV ). Then, with notations as in Theorem 3, we have
pa(C
′
j ) = 0 for each j , 1  j  s. If moreover ej = 1 for some j , 1  j  s, then
CV ∼= P1k(λ).
Proof. For 1  j  s and i ∈ Bj , let ∆(j)i be the (i + 1)th element of the dual basis of
Pic(XVj ) determined by the exceptional locus of πj , so that ∆i is the total transform of
∆
(j)
i by the morphism X → XVj . Since ∆i ∈ P(XV ) = P˜ (XV ), we have ∆(j)i ∈ P˜ (XVj )
by [Z, Theorem 6.1]. Therefore P(XVj ) = P˜ (XVj ) by Proposition 9(ii). Applying [CPR,
Corollary 7], we conclude that pa(C′j ) = 0.
Now, suppose ej = 1 for some j . If ∆ is the class of any fiber of f then ∆ + Hj ∈
P(XV ) = P˜ (XV ) and the image of ∆ + Hj by ρ : Pic(XV ) → Pic(CV ) is the class of
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determines an isomorphism CV ∼= P1k(λ). 
Corollary 2. Let V be a primitive pencil. Then,
(1) The following properties are equivalent:
(i) NE(XV )Q is a simplicial cone.
(ii) P˜ (XV )Q is a simplicial cone.
(iii) V = 〈F,Zd〉 where the curve F = 0 has one place at infinity.
(2) P˜ (XV ) ∼= Nn+1, where n = rk Pic(XV ), if and only if V = 〈F,Zd〉, where the curve
F = 0 has one place at infinity and CV ∼= P1k(λ).
Proof. We first prove (1). Part (iii) ⇒ (ii) follows from Proposition 9. Part (ii) ⇒ (i)
is consequence of Proposition 2. For (i) ⇒ (iii), if n = 1 then the number of horizontal
exceptional components is s = 1 and the result follows from Proposition 5. If n  2, the
last assertion in Proposition 1 implies that NE(XV )Q =⊕ni=1 Q0Ei since E2i < 0 for
0 i  n [Ar2, end of proof of Proposition 2]. Then ∆i ∈ NE(XV )Q for 0 i  n, hence
V satisfies the equivalent conditions in Theorem 2. With the notation in Theorem 2, if s  2
then C′j
2
< 0. Thus the result follows from (i) of Theorem 3 and Proposition 1.
Now (1) and Proposition 10 give the only if part in (2). For the if part, see [CPR, Corol-
lary 7]. 
5. Smooth pencils
We still assume in this section that k has characteristic zero. We are interested in the
following questions:
Question 1. Let V and V ′ be two pencils at infinity which are equivalent modulo polyno-
mial automorphism (Definition 7). Is NE(XV )Q a rational polyhedral cone if and only if
NE(XV ′)Q is a rational polyhedral cone?
Question 1 is a particular case of the following more general problem, which is a partial
converse of Proposition 4:
Question 2. Let V be a primitive pencil (not necessarily at infinity), whose Mordell–Weil
group Pic◦(CV ) is a finite group. Is NE(XV )Q a rational polyhedral cone?
An affirmative answer to Question 2 is known for elliptic cubic pencils. In this case,
NE(XV )Q is generated by the classes of all irreducible components of the fibres of f
(a finite number of them) and the classes of the images of the sections of f (a finite number
of them since Pic◦(CV ) is a finite group).
The following theorem gives an affirmative answer to Question 2 for pencils at infinity
which are smooth at the base points, and of arbitrarily high degree.
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teristic 0. Suppose that the generic curve CV is smooth. Then the following properties are
equivalent:
(i) Pic◦(CV ) is a finite group.
(ii) There exists s  1, positive integers d1, . . . , ds , and F1, . . . ,Fs , Fi ∈ H 0(OP2k(di)),
such that the curve Fi = 0 has one place at infinity such that V = 〈F1 . . . Fs,Zd〉,
where d =∑si=1 di .
(iii) NE(XV )Q a rational polyhedral cone.
Proof. Statement (ii) ⇒ (iii) has been proved in (i) of Theorem 3. That (iii) ⇒ (i) follows
from Proposition 4. We now prove that (i) ⇒ (ii).
Let V := 〈F,Zd〉 and q1, q2, . . . , qs be the points at infinity of CV , which are rational
over k. Let Cλ ↪→ P2k be the curve with equation F − λZd = 0. For all λ, Cλ ∩ L ={q1, . . . , qs} and, since CV is assumed to be smooth, Cλ is smooth at the points q1, . . . , qs .
Hence s is the number of horizontal exceptional components in XV .
First suppose that all curves {Cλ}λ∈k are irreducible. By Corollary 1, V has the required
form in (ii) with s = 1.
Let now λ1, . . . , λr ∈ k (r  1) be those values of λ such that Cλ is not irreducible.
Since CV is assumed to be smooth, all curves Cλ are reduced. Write
Cλi = C1,i + · · · +Cni,i
the decomposition of Cλi into irreducible components. Let Fj,i = 0 be a homogeneous
equation of Cj,i with dj,i := degFj,i , and Pj,i ⊂Q := {q1, . . . , qs} be the set of points at
infinity of Cj,i . Since CV is assumed to be smooth, there is a partitioning
Πi :Q=
ni∐
j=1
Pj,i (5.1)
for each i, 1  i  r . And since Pic◦(CV ) is assumed to be a finite group, Proposition 3
implies that
s − 1 =
r∑
i=1
(ni − 1). (5.2)
Note that if r = 1, V has the required form in (ii) of Theorem 4 by (5.2). So, suppose that
r  2.
We define a measure of the set Q as follows: Let
dk := minλ∈k
{
(Cλ.L)qk
}
and pk := dk ∈ Q>0. (5.3)d
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elements of Q “k” instead of “qk”, and we define
µ(S) :=
∑
k∈S
pk
whenever S ⊆Q. Clearly µ(Q) = 1.
Definition 10. Let Π :=∐j Qj and Π ′ :=∐j ′ Q′j ′ be two partitions of the set Q. Then
Π and Π ′ are said to be independent if for all pairs j, j ′, we have
µ
(Qj ∩Q′j ′)= µ(Qj )µ(Q′j ′).
We now introduce the set RQ of functions Q→ R. There is a natural scalar product on
RQ induced by µ:
(f, g) :=
∑
k∈Q
pkf (k)g(k).
Let e1, . . . , es be the canonical basis of RQ. For any subset S ⊆Q, define χS :=∑k∈S ek
and χ◦S := χS − (χS,χQ)χQ, which is the orthogonal projection of χS on χ⊥Q. Note that
(χS,χS′) = µ(S ∩ S′).
Independence of partitions translates into orthogonality in RQ as we show in the following
lemma which plays an essential role in the proof of Theorem 4.
Lemma 2.
(i) Let Π :=∐mj=1Qj be a partition of Q, and let
VΠ := Span
〈{
χ◦Qj
}
1jm
〉
.
Then VΠ ⊆ χ⊥Q and dimR VΠ = m− 1.
(ii) Let Π ′1, . . . ,Π ′r ′ be partitions of Q, with Π ′i :=
∐mi
j=1Qj,i . The Π ′i ’s are pairwise
independent if and only if
VΠ ′i⊥VΠ ′i′ for 1 i, i
′  r ′, i = i′.
In particular, if Π ′1, . . . ,Π ′r ′ are pairwise independent, then
s − 1
r ′∑
i=1
(mi − 1). (5.4)
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dimR VΠ m. We have dimR VΠ = m− 1 since∑
1jm
χ◦Qj = 0
is a nontrivial relation between the χ◦Qj ’s. This proves (i). The first statement in (ii) follows
from the fact that, for i = i′ and any j, j ′,
(
χ◦Qj,i , χ
◦
Qj ′,i′
)= (χQj,i , χQj ′,i′ )− (χQj,i , χQ)(χQj ′,i′ , χQ)
= µ(Qj,i ∩Qj ′,i′)−µ(Qj,i )µ(Qj ′,i′).
The last statement in (ii) follows from this and (i). 
Proof of Theorem 4 continued. Recall from (5.1) the definition of the partitions Πi :=∐ni
j=1Pj,i of Q for 1 i  r . Given i = i′, and j = j ′, we have by Bezout’s theorem
(degCj,i)(degCj ′,i′) =
( ∑
k∈Pj,i
dk
)( ∑
k∈Pj ′,i′
dk
)
=
∑
k∈Pj,i∩Pj ′,i′
(Cj,i ,Cj ′,i′)qk = d
∑
k∈Pj,i∩Pj ′,i′
dk.
Therefore the partitions Πi , 1  i  r , are pairwise independent w.r.t. the measure µ de-
fined by the pk’s in (5.3). Hence Lemma 2 and (5.2) imply that
χ⊥Q =
r⊕
i=1
VΠi . (5.5)
Choose coordinates (X : Y : Z) on P2k so that qk has coordinates (1 : ak : 0). There are
expressions
F =
∏
1ks
[
(Y − akX)dk + bk(X,Y )Z
]+ d∑
l=2
Fl(X,Y )Z
l, (5.6)
and
Fj,i =
∏
k∈P
[
(Y − akX)dk + bk(X,Y )Z
]+ dj,i∑
l=2
Fl,j,i (X,Y )Z
l, (5.7)j,ij,i
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bk is homogeneous of degree dk − 1. There are relations
ni∏
j=1
Fj,i = F − λiZd (5.8)i
for each i, 1 i  r .
We view F as an element of ANk , whose coordinates are the coefficients of bk and of the
Fl’s, with N :=∑dl=1 (d − l + 1). Similarly, we view Fj,i as an element of ANj,ik , where
Nj,i :=∑dj,il=1 (dj,i − l + 1). We also consider, for 1  k  s, the set ANkk of polynomials
Bk of the form
Bk = (Y − akX)dk + bk(X,Y )Z +
dk∑
l=2
bl,k(X,Y )Z
l, (5.9)k
where bl,k is homogeneous of degree dk − l and Nk =∑dkl=1(dk − l + 1). For 1  i  r ,
we have injective maps
∏s
k=1 A
Nk
k
δ
ρi∏ni
j=1 A
Nj,i
k
δi ANk ,
defined by taking products of polynomials componentwise, where ρi((Bk)sk=1) =
((
∏
k∈Pj,i Bk)
ni
j=1). Given l, 1 l  d − 1, let us consider the surjective maps
π(l) : ANk → AN
(l)
k , π
(l)
j,i : A
Nj,i
k → A
N
(l)
j,i
k , π
(l)
k : A
Nk
k → A
N
(l)
k
k
obtained by truncating modulo Zl+1 in (5.6), (5.7)j,i , (5.9)k respectively, where N(l) =∑l
l′=1 (d − l′ + 1), N(l)j,i =
∑l
l′=1 max{0, dj,i − l′ + 1} and N(l)k =
∑l
l′=1 max{0, dk −
l′ + 1}. Let δ(l)i :
∏ni
j=1 A
N
(l)
j,i
k → AN
(l)
k be obtained by taking products componentwise and
truncating modulo Zl+1.
Let us define
W := Im δ ⊆ T :=
r⋂
i=1
Im δi ⊆ ANk ,
W(l) := π(l)(W) ⊆ T (l) :=
r⋂
Im δ(l)i ⊆ AN
(l)
k , 1 l  d − 1.
i=1
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(l−1)
k , 2  l  d − 1, induce fibrations by affine spaces
W(l) → W(l−1) and T (l) → T (l−1), 2 l  d − 1.
Lemma 3. We have W(l) = T (l) for each l, 1 l  d − 1.
For l = d − 1, the statement in Lemma 3 and (5.8)i imply that V has the required form
in (ii) of Theorem 4. There remains to prove Lemma 3.
Proof of Lemma 3. We use induction on l. Clearly, W(1) = T (1) = Adk. Let l, 2  l 
d − 1, and set ω(l) := dimW(l)/W(l−1). We have
ω(l) =
s∑
k=1
max{0, dk − l + 1}. (5.10)
We want to prove that T (l) → T (l−1) is a fibration by affine spaces of the same dimension
ω(l).
We first consider the case where dk = 1 for all k, 1 k  s. Therefore, d = s, each bk
in (5.6) is a constant polynomial and ω(l′) = 0 for 2 l′  d − 1. Consider the set V (l) of
homogeneous polynomials Fl(X,Y ) of degree d − l such that, for 1 i  r , there exists
Fl,j,i(X,Y ) satisfying
Fl(X,Y ) =
ni∑
j=1
Fl,j,i (X,Y )
∏
k /∈Pj,i
(Y − akX), (5.11)i
where deg Fl,j,i (X,Y ) = dj,i − l (Fl,j,i(X,Y ) = 0 if l > dj,i ). Then, T (l) → T (l−1) is
locally on T (l−1) isomorphic with T (l−1) × V (l). Let τ (l) := dimV (l).
Let us consider the k-linear map
fi :
⊕
1jni
k[X,Y ]dj,i−1 → k[X,Y ]d−1, (G1, . . . ,Gni ) →
ni∑
j=1
Gj
∏
k /∈Pj,i
(Y − akX).
Let
εk :=
∏
1k′d
k′ =k
(Y − ak′X)
for 1 k  d , and
εk,j,i :=
∏
k′∈Pj,i′
(Y − ak′X)
k =k
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tively k[X,Y ]dj,i−1). Write (γk)1kd (respectively (γk,j,i )k∈Pj,i ) the coordinates in the
respective bases. We have
fi(εk,j,i ) = εk.
Note that the subspace Xk[X,Y ]d−2 (respectively Xk[X,Y ]dj,i−2) of k[X,Y ]d−1 (respec-
tively k[X,Y ]dj,i−1) has equation
∑d
k=1 γk = 0 (respectively
∑
k∈Pj,i γk,j,i = 0). Let Ii be
the image by fi of
⊕
1jni Xk[X,Y ]dj,i−2 in Xk[X,Y ]d−2. Then Ii is defined by the set
of equations
Ei :=
{ ∑
k∈Pj,i
γk = 0
}
1jni
.
Now Ei is precisely the set of defining equations for V ⊥Πi ∩ χ⊥Q in the basis (ek)1kd of
Lemma 2. Since
r⋂
i=1
V ⊥Πi ∩ χ⊥Q =
(
r⊕
i=1
VΠi
)⊥
∩ χ⊥Q = 〈χQ〉 ∩ χ⊥Q = {0}
by (5.5), we have ⋂ri=1 Ii = (0). This proves that for each l, 2 l  d − 1, the system of
equations (5.11)i has a unique solution Fl(X,Y ) = 0, i.e., τ (l) = 0. Hence τ (l) = ω(l) and
the induction step is complete.
We now sketch the proof of the general case (dk arbitrary). Equation (5.11)i is replaced
with
Fl(X,Y ) =
ni∑
j=1
Fl,j,i (X,Y )
∏
k /∈Pj,i
(Y − akX)dk . (5.12)i
A similar argument as in the case dk = 1, relying on Lemma 2, shows that the solutions of
the set of equations (5.12)i , 1 i  r , form a vector space of dimension τ (l) which is the
expected dimension, that is,
τ (l) = ω(l−1) −
(
r∑
i=1
(ni − 1)−
(∣∣{k | dk < l − 1}∣∣− 1)
)
.
By (5.2) and (5.10), we have τ (l) = ω(l), so that W(l) = T (l) as asserted. 
Remarks. (1) We know no pencil V for which Question 2 has a negative answer.
(2) Statement (i) ⇒ (ii) in Theorem 4 is not valid any more if it is not assumed that CV
is smooth: For example, V = 〈X(XY + Z2),Z3〉 is a primitive pencil such that Pic◦(CV )
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at (0 : 1 : 0). Another such example is given in Section 2.
(3) Similarly, statement (i) ⇒ (ii) in Theorem 4 fails in general in positive characteristic,
even if it is assumed that CV is regular: Let char k = 2. Let a1, a2, a3, a4 be pairwise
distinct elements of k and denote by σ1, σ2, σ3, σ4 the values of the elementary symmetric
functions in a1, a2, a3, a4. Let
F :=
4∏
k=1
(Y + akX)+
(
σ1Y
2 + σ3X2
)
Z2.
Then V := 〈F,Z4〉 is a primitive pencil and CV is regular. One verifies that
F = ((Y + a1X)(Y + a2X)+ (a1 + a2)Z2)((Y + a3X)(Y + a4X)+ (a3 + a4)Z2)
+ (a1 + a2)(a3 + a4)Z4. (5.13)
Let τ be the transposition (2, k) for k = 3,4. Then τ acts on (5.13) by permuting a2 and
ak . Therefore F + λZ4 factors as a product of two degree two polynomials for each of the
three distinct values of λ:
λ1 = (a1 + a2)(a3 + a4), λ2 = (a1 + a3)(a2 + a4), λ3 = (a1 + a4)(a3 + a2).
We have s = 4, so that Pic◦(CV ) is finite by Proposition 3. But V is not as in (ii) of
Theorem 4.
(4) It could be expected that, given a finite measured set (Q,µ), and pairwise indepen-
dent partitions Π ′1, . . . ,Π ′r ′ as in Lemma 2 such that mi  2 for each i, then equality holds
in (5.4) only if r ′ = 1 and Π ′1 =
∐s
k=1 {k}. We build a families of counterexamples to this
statement: let p be a prime number and Q := F2p , together with the uniform measure. We
have |Q| = p2. Let v ∈ P1k. Then v defines a partition Πv of the Fp-vector space Q into its
p distinct parallel affine lines Lj,v with direction v. For each pair v = v′ and any j, j ′, we
have
µ(Lj,v)µ(Lj ′,v′) = 1
p2
= µ(Lj,v ∩Lj ′,v′),
so that the Πv’s are independent partitions. But equality holds in (5.4) since
|Q| − 1 = ∣∣P1k∣∣(p − 1) = p2 − 1.
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